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Refractive index and generalized polarizability
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We investigate the role of retardation corrections to polarizability and to the refractive index. We found
that the classical electromagnetic theory of dielectrics requires corresponding modifications in terms of the
nonlocality of the dielectric constant. This nonlocality should be taken into account in the interpretation of
accurate measurements of the optical refractivity.
I. INTRODUCTION
A coherent monochromatic electromagnetic plane wave
propagates in a disordered medium of polarizable particles,
provided its wavelength is much larger than the average dis-
tance between particles. Then the multiple scattering has the
only effect of changing the wavelength. The ratio of this
medium wavelength to the vacuum one is the refractive in-
dex. The electromagnetic wave satisfies Maxwell’s equations
on the macroscopic level, thus the refractive index is given by
the dielectric and magnetic constants of the medium. If the
wavelength is sufficiently short or a high-precision refractive
index is intended, the wave-vector dependence of the dielec-
tric constant cannot be neglected. High-precision measure-
ments of the refractive index of a low-density helium gas are
being performed in several laboratories [1–3].
Helium is the best choice as it is the simplest noble-gas
atom, thus its properties can be calculated with the highest
accuracy. The Clausius-Mosotti formula,
ǫ− ǫ0
ǫ+ 2 ǫ0
=
4 π
3 ǫ0
ρα (1)
relates the dielectric constant to the microscopic property,
namely, to the electric dipole polarizability α of an atom. For
this reason, the helium electric dipole polarizability has been
studied in a series of works summarized in Ref. [4], resulting
in a accuracy of about 0.1 ppm, which comes mainly from the
estimation of unknown higher-order corrections.
In this work we demonstrate that the electric dipole polar-
izability is not sufficient for a highly accurate description of
the refractive index. On the fundamental level it should be ob-
tained from the forward photon-scattering amplitude. Apart
from the electric and magnetic dipole polarizabilities, it in-
cludes also the so-called retardation corrections in the form
of a quadrupole and other types of polarizabilities. This leads
to the dependence of the refractive index on the wave-vector
~k. This dependence affects the relation between the ~D and
~E fields, which becomes nonlocal in the coordinate space
[see Eq. (16)]. The wave-vector dependence of the dielec-
tric constant has already been indicated for the model systems
of finite-size spherical insertions in the electric dipole approx-
imation [5]. Here, we derive a complete set of retardation cor-
rections and present their accurate numerical values for a gas
of helium atoms. They affect the interpretation of the accurate
measurements of the refractive index [1–3]. As an additional
result, we note that the dielectric tensor introduced in previous
works on this topic [5, 6] can be expressed in terms of scalar
dielectric and magnetic constants only.
II. PHOTON PROPAGATOR IN THE MEDIUM
We will obtain only the leading term in the small ρ expan-
sion of the refractive index, as it is sufficient for our purpose.
For this we consider the photon propagator in the presence of
the noble gas atoms. The photon wavelength λ is assumed to
be much larger than the atomic size a0. Then, the electromag-
netic interaction can be expanded in powers of a small factor
a0/λ and with inclusion of qubic terms takes the following
form [7]
δH =
∑
a
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(2)
whereEi,j denotes the derivative ofE
i with respect to xj , and
the summation is over all the atomic electrons. The electro-
magnetic fields in the above are taken at the position of the
nucleus. Since the electron-nucleus mass ratio is very small
(∼ 10−4 for He) we assume an infinite nuclear mass. Equa-
tion (2) demonstrates the existence of small nondipole cou-
plings to the electromagnetic field and will be used below in
the derivation of the previously neglected retardation correc-
tion to the refractive index of helium gas. We use theoretical
units ~ = c = ǫ0 = 1 and e
2 = 4 π αem throughout this work.
Consider now the photon propagation through the medium
of noble-gas atoms. We assume, in accordance with planned
measurements, that the photon frequency is much smaller than
the excitation energy of the helium atom. Then the scattering
amplitude is real and there is no photon absorption. Each scat-
tering on an individual atom is averaged over the whole space
assuming a homogeneous and isotropic density ρ of atoms,
∑
i
ei (
~k−~k′) ~Ri =
∫
ei (
~k−~k′) ~R ρ d3R
= ρ(2 π)3 δ3(~k − ~k′), (3)
which shows that photon propagation depends only the elastic
forward off-shell amplitude for the scattering off the single
atom, which is of the general form [8]
tij = 4 π
[
ω2 α δij + k2 χ (δij − kˆi kˆj)
]
, (4)
2where α = α(ω, k) is the generalized electric polarizability,
and χ = χ(ω, k) is the magnetic one. The above Eq. (4) is
the definition of these polarizabilities, and in the nonrelativis-
tic limit α, χ coincides with the standard electric, magnetic
dipole polarizability. Moreover, we note that in the nuclear
(particle) physics literature [8], the magnetic polarizability is
denoted by β.
Let us now define t′ij = ρ tij , α′ = ρ 4 π α, and χ′ =
ρ 4 π χ to be the corresponding densities. The free-photon
propagator in the A0 = 0 gauge is [9]
Gij =
δij − k
i kj
ω2
ω2 − k2
(5)
Straightforward derivation of the photon propagator in the
medium, which does not exclude different atoms being at the
same positions or multiple interaction with the same atom,
leads to
Gˆn = Gˆ− Gˆ tˆ
′ Gˆ+ Gˆ tˆ′ Gˆ tˆ′ Gˆ+ . . .
= Gˆ (I + tˆ′ Gˆ)−1 (6)
=
I − ω−2 k2 kˆ ⊗ kˆ
[ω2(1 + α′)− k2(1− χ′)] I − (α′ + χ′) k2 kˆ ⊗ kˆ
,
This assumption that different atoms do not occupy the same
position affects the second term in the expansion of n2 in pow-
ers of ρ and leads to the Clausius-Mossotti formula. So our
formalism is correct only up the the first term in ρ, the density
of atoms. An identity
(
AI +B kˆ ⊗ kˆ
)
−1
=
1
A
(
I −
B
A+B
kˆ ⊗ kˆ
)
(7)
with
A = ω2(1 + α′)− k2(1− χ′),
B = − (α′ + χ′) k2 ,
A+B = (1 + α′) (ω2 − k2). (8)
gives
Gˆn =
I − (1−χ
′) k2
(1+α′)ω2 kˆ ⊗ kˆ
[ω2(1 + α′)− k2(1− χ′)]
. (9)
We note that ω and k are completely independent quantities
here.
III. REFRACTIVE INDEX
Gn is the photon propagator in the medium and thus con-
tains all the information about the electromagnetic field. In
particular, the relation between the photon frequency and its
wave-vector is obtained from the condition
ω2(1 + α′)− k2(1 − χ′) = 0, (10)
which corresponds to the pole in ω of the photon propagator at
the fixed k. The refractive index, ω2 n2 = k2 up to the terms
linear in the density of atoms is
n2 =
1 + α′
1− χ′
≈ 1 + α′ + χ′ = 1+ 4 π ρ (α+ χ). (11)
Since polarizabilities α and χ depend on the frequency ω and
the wave-vector k, the above is a transcendental equation for
n. However, in the leading order of the atomic density ρ, po-
larizabilities for the propagation of light in the medium can
be taken at ω = k, namely, α = α(ω, k) ≈ α(ω, ω) and
χ = χ(ω, k) ≈ χ(ω, ω). Accordingly, the forward-scattering
amplitude for on-shell photons simplifies to
tij = ω2 4 π [α(ω, ω) + χ(ω, ω)] δij . (12)
We have not been able to derive the analog of the Clausius-
Mossotti formula using the above propagator formalism, so
we limit ourselves only to terms which are linear in the atomic
density, although according to Ref. [5] such a generalization
is possible.
For the general electromagnetic field the notion of the re-
fractive index is less appealing, because the wave equation no
longer holds, as it is modified by the square of d’Alembertian.
For example, the static Coulomb field is modified according
to 4 π/k2/n(0, k) which is different from the modification of
the light propagation.
IV. ELECTRODYNAMICS IN MATTER
The effective action for the electromagnetic field including
medium in terms of a scattering amplitude tij from Eq. (4) is
S =
∫
d4x
E2 −B2
2
+
∫
d4k
(2 π)4
A∗i(ω,~k) tij(ω, k)Aj(ω,~k)
=
∫
d4k
[ǫ(ω, k)
2
~E∗ ~E −
1
2µ(ω, k)
~B∗ ~B
]
, (13)
where
ǫ(ω, k) = 1 + 4 π ρα(ω, k), (14)
µ−1(ω, k) = 1− 4 π ρχ(ω, k). (15)
In general, the dependence of ǫ(ω, k) on k is to be interpreted
as a nonlocal relation between ~D and ~E fields [6], namely,
~D(ω,~r) =
∫
d3r′ǫ(ω,~r − ~r′) ~E(ω,~r′), (16)
similarly to the relation in the time domain. This nonlocal
relation is obvious considering that atoms have a finite size.
Indeed, the k dependence of α and χ goes with a0/λ, which
is assumed to be a small factor. However, when high precision
is intended, as in Refs. [1–3], this nonlocal relation between
~D(ω,~r) and ~E(ω,~r) might play a role. For this one needs
to investigate the dependence of generalized atomic polariz-
abilities on k and the consequences on the Maxwell equations
in the medium, for example, on boundary conditions close to
metallic walls. Here, we aim to estimate the magnitude of the
dependence on k and perform calculations for the case of the
helium atom.
3V. RETARDATION CORRECTIONS TO THE
GENERALIZED POLARIZABILITY OF THE HELIUM
ATOM
Assuming an infinite nuclear mass and a vanishing overall
electron spin and overall angular momentum, the interaction
of the helium atom with an electromagnetic field is given by
Eq. (2). The scattering amplitude obtained from this interac-
tion is given by three contributions,
tij = tijnrel + t
ij
rel + t
ij
ret, (17)
tnrel is the scattering amplitude due to the nonrelativistic elec-
tric dipole polarizability [9],
tijnrel =
2
3
e2 ω2 α0 δ
ij , (18)
where α0 is defined below in Eq. (21). trel is due to the rela-
tivistic correction to the electric dipole polarizability and due
to diamagnetic coupling,
tijrel =
2
3
e2 ω2 δrelα0 δ
ij +
e2
6m
∑
a
〈
~r 2a
〉
(k2 δij − ki kj),
(19)
where δrelα0 is a correction coming from the Breit-Pauli
Hamiltonian (see Refs. [4, 10]). tijret is a retardation correc-
tion,
tijret = e
2 ω2
[
1
18
α4 k
i kj +
1
20
α1
(
δij k2 +
ki kj
3
)
−
2
45
α2
(
δij k2 + 2 ki kj) +
1
9
α3
(
δij k2 − ki kj)
]
,
(20)
where
α0(ω) ≡
1
2
∑
a,b
〈
rka
(
1
H − E + ω
+
1
H − E − ω
)
rkb
〉
(21)
α1(ω) ≡
1
2
∑
a,b
〈
(rka r
l
a)
(2)
(
1
H − E + ω
+
1
H − E − ω
)
(rkb r
l
b)
(2)
〉
(22)
α2(ω) ≡
1
2
∑
a,b
〈
rka
(
1
H − E + ω
+
1
H − E − ω
)
rkb r
2
b
〉
(23)
α3(ω) ≡
∑
a,b
1
m
〈
rka
1
(H − E + ω)(H − E − ω)
× i (~Lb × ~rb − ~rb × ~Lb)
k
〉
(24)
α4(ω) ≡
1
2
∑
a,b
〈
r2a
(
1
H − E + ω
+
1
H − E − ω
)
r2b
〉
(25)
TABLE I. Expectation values in a.u. in the helium atom
Polarizability Expectation value
α0(0) 2.074 788 3
α1(0) 4.075 138 5
α2(0) 9.317 642 6
α3(0) −4.417 669 4
κ −0.506 952 5
where (ri rj)(2) ≡ ri rj − δij r2/3 is the quadrupole moment
operator. Only the tijret is a new term, not considered yet in the
context of the refractive index [4]. The corresponding correc-
tions to the generalized polarizabilities are
αret = αem k
2
(
α1
15
−
2α2
15
+
α4
18
)
(26)
χret = αem ω
2
(
−
α1
60
+
4α2
45
+
α3
9
−
α4
18
)
(27)
where αem is the fine structure constant. For small (real) pho-
ton frequencies and in atomic units
αnrel =
2
3
a30 α0(0), (28)
[α+ χ]ret = a
5
0 k
2
[
1
20
α1(0)−
2
45
α2(0) +
1
9
α3(0)
]
≡ αnrel (a0 k)
2 κ, (29)
where the last equation is a definition of the dimensionless
coefficient κ.
VI. RESULTS AND CONCLUSIONS
Numerical calculations for He (see Tab. I) give κ =
−0.507. With a0 = 0.529 · 10
−10 m and λ = 633 nm [1, 2],
the retardation correction to the refractive index is equal to
δretn
n− 1
=
(2 π a0
λ
)2
κ = −1.40 · 10−7 , (30)
which is larger than the previously calculated ω2 term in
the expansion of the relativistic polarizability in the small ω,
δn = −1.24 · 10−7 (n − 1) [4]. We note that the retarda-
tion correction to the refractive index significantly depends on
the wavelength, and for the planned measurements at LNE [3]
with λ = 532 nm this correction amounts to −1.98 · 10−7
which is larger than the anticipated accuracy of these mea-
surements.
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